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Surface Curvature and Lateral Pressure Gradient
Effects on Laminar Boundary-Layer Separation

G.R.Inger*andB.Duttt
Virginia Polytechnic Institute and State University, Blacksburg, Va.

An approximate theory is developed for predicting nonsimilar laminar incompressible boundary-
layer flow and separation on curved surfaces including lateral pressure gradient and, suction effects.
The method is based on a generalization of the two-layer flow model of Stratford and Curie. Analyt-
ical expressions are obtained for the skin-friction, lateral pressure difference, boundary-layer thick-
ness and separation point location as a function of the shape, pressure ami suction distributions.
The results are in excellent agreement with exact numerical solutions of the boundary-layer equa-
tions for flow around a circular cylinder. Several other practical applications are also discussed, in-
cluding separation in a linear adverse velocity gradient typical of a wing or compressor blade sec-
tion and the boundary-layer flow around the nose of a lifting air foil. In all these examples, the lon-
gitudinal curvature effect significantly reduces the predicted skin friction and distance to separa-
tion.
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Nomenclature

parameter in inner layer solution
2(p-p0)M/eo2

parameter in inner solution
static pressure
longitudinal radius of surface curvature (here approximated

as independent of y)
velocity component along x
velocity normal to surface
coordinates along and normal to body surface
boundary-layer thickness
coefficient of viscosity
stream function; location of streamline
density
shear stress

Subscripts
B - Blasius (flat plate) value

= conditions at edge of boundary layer
= location of inner-outer layer interface
= effective flat plate leading-edge location
= maximum Ue station
— start of adverse pressure gradient
= separation point
= conditions at wall

e
J
L
m
o
s
w

Introduction

NONSIMILAR boundary-layer flow and separation in an
adverse pressure gradient and the alleviation of separation
by the use of suction are extremely important problems in
the aerodynamic design of aircraft, missiles and propul-
sion devices. In particular, the effects of longitudinal sur-
face curvature and the associated lateral pressure varia-
tion across the boundary layer can play a significant role
near separation. In the case of external flow, for example,
these effects arise in the separating boundary-layer region
in front of aerodynamic controls such as flaps, jets, etc.,
as well as in the flow around highly curved segments of
lifting wing sections. They are also of great importance in
connection with turbomachinery, since the prediction of
boundary-layer separation on small highly curved com-
pressor blades can be appreciably influenced by lateral
pressure gradient and surface curvature effects.
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Aside from a few example calculations from finite dif-
ference boundary-layer computer programs,1'2 little has
been done in the way of a systematic analysis of these ef-
fects in the presence of adverse pressure gradients and
suction through the surface. As a first step toward a solu-
tion of this problem for the general compressible turbu-
lent case, the present paper examines the combined ef-
fects of surface curvature, lateral pressure gradient and
suction on the separation of incompressible nonsimilar
laminar boundary layers. An approximate analytical
treatment incorporating these effects is developed based
on a generalization of the two-layered model of boundary-
layer flow in adverse pressure gradients originated by
Stratford3 and subsequently refined by Curie.4 This ap-
proach is taken because a) in the absence of the new ef-
fects being studied here, this model has been found to
yield separation predictions in excellent agreement with a
variety of exact numerical solutions and experimental
data4; b) the model clearly brings out the essential physi-
cal features of the flow in a manner amenable to analyti-
cal treatment. Unlike the earlier treatments, the lateral
pressure gradient and longitudinal streamline curvature
are here taken into account.

Following the development of the general theory, appli-
cation will be made to predicting laminar boundary-layer
behavior for some selected example flows for which exact
numerical results are available for comparison. In addi-
tion, illustrative practical applications are made to the
use of suction for separation-delay on curved surfaces,
boundary-layer flow around the parabolic leading edge of
a wing at angle of attack, and separation in an adverse
pressure gradient field typical of a compressor blade sec-
tion. Finally, possible extensions of the present theory to
compressible and/or turbulent flows are briefly discussed.

Development of the General Theory

We consider flows in which the pressure is constant be-
tween x = 0 and some station jc = XQ, followed by an arbi-
trary continuous pressure rise in jc > JCQ (this zero pressure
gradient condition for x < JCQ will be subsequently relaxed
as shown below). Moreover, the application of suction will
be restricted to the pressure rise region. Note that the
pressure and skin-friction coefficients used herein are de-
fined in reference to the in viscid flow at XQ:

where
and Cf ^

and ^ =

As illustrated schematically in Pig. 1, the boundary-
layer thickness for x > XQ is divided into two regions; a
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Fig. 1 Schematic of two-layer flow model.

are matched by requiring that \f/, u, du/dy and 82u/dy2

each be continuous at y = yj. These four conditions are
sufficient to determine TW, a, yj and \f/j with N appearing
as an arbitrary profile parameter (the value N =3.043
recommended by Curie is used here). As in Stratfords
original theory,3 the simplifying assumption is made that
the inner layer is sufficiently thin for the Blasius profile to
be linear throughout. On this basis, we obtain the fol-
lowing approximate analytical relationship between the
skin-friction and surface pressure distributions including
the effect of suction, longitudinal curvature and lateral
pressure gradient (see Appendix A):

thin local equilibrium sublayer near the (porous) surface
where inertia effects are negligible, overlaid by a thick
outer layer of essentially rotational in viscid flow with a
small viscous total head loss (approximated by the local
flat plate value) in which lateral pressure gradient and
longitudinal streamline curvature effects are taken into
account. Since Stratford and Curie have already discussed
in detail the analytical formulation of this model, only a
brief outline is given here with emphasis on the new fea-

1 tures not included heretofore.
Regarding the nearly-inviscid outer region y > yy where

yj is the height of the interface between the inner and
outer layers, the velocity along any streamline x,\[/ can be
approximated by

where UB is the Blasius solution without surface mass
transfer or pressure gradient. Two successive differentia-
tions of this equation combined with the normal momen-
tum equation dp/dy ^ pu2/R and the fact that u = -d\l//dy
then yield the following expressions for the outer velocity
profile gradient and curvature, respectively:

(2)

(3)

In contrast, the low-speed flow within the thin inner layer
0 < y < yj(x) has negligible inertia and lateral pressure
gradient (pw ~ p7) and so can be adequately approximat-
ed by the polynomial velocity profile

+ ay (4)

where rw = n(duldy)w is the skin friction and the param-
eters a and N > 2 are arbitrary constants which provide
matching at y = yj with the outer solution. The two layers

EXACT NUMERICAL
PRESENT ANALYTICAL
SOLUTION

= I04

SURFACE CURVATURE
NEGLECTED

1.72 1.76 1.80 1.84
*/R

Fig 2 Shear stress distribution around a circular cylinder.

0.0484

*

A[l-(rw/rBJ]

(0.5105)2

where A, B and C are parameters defined in Appendix A.
The corresponding inner-layer thickness distribution is
given by

0.242T./T )J (6a)
a

where the solution for an uncurved surface is

(6b)

It should be noted that the foregoing analysis, although
not excluding all accelerated flows, does assume that the
initial velocity profile at x = x0 is of the Blasius type.
However, boundary-layer flows beginning with a nonzero
thickness and/or with a nonzero favorable pressure gradi-
ent (such as at a stagnation point) can also be treated by
the present theory if one defines the following equivalent
flat plate origin XL following the equivalent momentum
thickness method derived by Curie4:

r= *m ~ J (&
Ua

5
-) dx (7)

The development of the boundary layer in x > xm may
thus still be treated by the foregoing theory provided x is
replaced by x = x — XL and Cf and Cp are defined in
terms of the inviscid pressure and velocity at x = xm in-
stead of at x = XQ.

To complete the solution, we determine the pressure
change across the outer layer caused by centrifugal force
associated with the surface curvature. Combining the nor-
mal momentum equation dp/dy — pu2/R with the outer
velocity profile Eq. (1), we find p - po to be governed by
the nonhomogeneous linear first order differential equa-
tion

(8)
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Fig. 3 Lateral pressure change across the circular cylinder
boundary layer.

which integrates to the solution

,,-26 JR
(9)
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Fig. 4 Boundary-layer and sublayer thicknesses along a cir-
cular cylinder.

(X/R) where here x is the distance around the circum-
ference and R its radius, we get from Eq. (7) that

7T r
= -j ~ J

ir/2
sin5— <f(~) - 1.038 (12)

If we retain only first-order terms in the curvature effect
(i.e., in 8/R) and neglect the suction effect on UB, Eq. (9)
can be simplified after evaluating the integral to the final
approximate result :

(10)

In conjunction with an appropriate estimate for the
boundary-layer thickness which accounts for the adverse
pressure gradient region (such as described in Appendix
B), Eq. (10) enables a simple calculation of the lateral
pressure difference, which involves an outward centrifugal
increase slightly diminished by the effect of the adverse
pressure gradient term Cpw — Cpo.

The foregoing analysis provides an approximate analyti-
cal description of the skin-friction, equilibrium sublayer
thickness and lateral pressure difference distributions
along any curved surface for an arbitrary imposed adverse
pressure gradient including suction. In particular, it yields
a closed form separation point criterion that includes all
these effects; setting Tw = 0 at x = xs, Eq. (5) thus yields

(dCp/dx)sR
which clearly indicates that convex surface curvature (R
> 0) hastens separation and increases the amount of suc-
tion required to delay it. The corresponding inner sub-
layer thickness at separation is finite and given by Eq.
(6b) with TW = 0. In the case of flat surfaces (R -* °°), the
equation reduces to the result given by Curie4 upon set-
ting Cpw ^ Cpe. Equation (11) is a major result of the
present work, since it provides a practical closed form ex-
pression that proves very useful in the analysis of the
boundary-layer development and separation on highly
curved aerodynamic shapes.

Example Applications

Flow around a Circular Cylinder

An important basic flow problem where the new fea-
tures of the present analysis involving curvature may be
illustrated is the case of two-dimensional flow around a
circular cylinder. Based on the classical potential inviscid
flow velocity distribution U/U^: = (1 - Cp^)172 = 2 sin-

For a unit diameter Reynolds number of 104, the resulting
shear stress distributions and separation point locations
predicted by the present method both with and without
the surface curvature effect are shown in Fig. 2. Also
shown in the figure for comparison are the exact numeri-
cal results of Bluston and Paulson2 obtained by a finite
difference solution of the complete second-order bound-
ary-layer theory equations. It is seen that the present ana-
lytical theory yields very good results, which is especially
encouraging in view of its relative simplicity and ease of
use. It is also clear from Fig. 2 that longitudinal curvature
does indeed have a significant effect on such curved bod-
ies, especially in decreasing the predicted skin friction
and distance to separation.

Another interesting feature of the solution, the lateral
pressure difference due to curvature, is illustrated in Fig.
3 as the distribution of the axial gradient of this difference
around the cylinder. Again, the agreement with Bluston
and Paulson's exact results is seen to be good. Evidently,
a significant lateral pressure change across the boundary
layer can build up as the separation point is approached.

The corresponding growths of the boundary-layer thick-
ness as estimated from Eq. (B2) and inner equilibrium
sublayer along the lee side of the cylinder are illustrated
in Fig. 4. Near separation, 5 and yy both thicken notice-
ably as one would expect, implying that viscous-inviscid
interaction effects will undoubtedly become important in
this region (an extension which includes these effects is
currently being developed).

3 -

2 -

SURFACE CURVATURE
NEGLECTED

.025 .05 .075 .125
VL

Fig. 5 Shear stress distribution for linearly-retarded flow
along a curved surface.
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Fig. 6 Lateral pressure change across the linearly-retarded
boundary-layer flow.

Linearly-Retarded Flow along a Curved Surface

The Howarth problem6 of a linearly decelerated inviscid
flow Ue = Uo[i - (x/L)] with UQ = t7» and Cp = 2x/L -
(x/L)2 is a useful example because it has been previously
studied in some detail without the effect of curvature by
Curie, who found that the present two-layer model ap-
proach gives very accurate answers when compared with
Ho wart hs exact solution.4

We consider first the case of a constant wall curvature
(R = const) without any suction. Since the flow is every-
where retarded, XL = 0. Choosing an illustrative Reynolds
number value ReL = 104, the typical effect of convex cur-
vature in causing a decrease in skin friction throughout
the length of flow and in hastening separation is illus-
trated in Fig. 5. The corresponding growth in the lateral
pressure difference across the boundary layer associated
with the wall curvature, which is rather large in the pres-
ent example, is shown in Fig. 6. The thickening of both
the over-all boundary layer and the equilibrium sublayer
as the separation point is approached are shown in Fig. 7
to once again illustrate the likely importance of viscous-
inviscid interaction in analyzing the separation process
perse.

Another interesting aspect of this "ramp flow" problem
is the use of suction to delay separation and the influence
of the surface curvature on the amount of such suction re-
quired. Assuming a uniform suction distribution along the
surface, the separation criterion (11) reduces to

*• 2 ' 2Xs

L **?-% -0.664<r( 0.0026 -

R/L (13)

where u = uwReL/U0e is the appropriate nondimensional
suction parameter. As expected, suction increases xs/L,
the amount required being increased by the presence of a
convex surface curvature. This is illustrated in Fig. 8,
where xs/L is plotted vs a for several values of surface
curvature R/L. The result evident in this figure that suffi-
ciently strong suction can completely suppress separation
has been pointed out previously by Curie.4 Clearly, on
highly curved air-foil sections, engineering analyses regard-
ing the use of suction should take into account the curva-
ture effects for conservative design estimates.

Flow around a Parabolic Leading Edge at Angle of Attack

The case of laminar boundary-layer flow around a pa-
rabola at angle of attack is of practical importance be-

cause it closely simulates the problem of flow around the
highly curved leading-edge region of a wing section at high
lift. Owing to the large nose curvatures involved, it is of
interest to appraise the longitudinal curvature effect on
the boundary-layer development around tne nose. The
present theory provides a means of doing this.

Based on the inviscid velocity distribution given by Van
Dyke,7 the present theory has been used to calculate the
skin-friction distribution around a parabolic nose both
with and without the longitudinal curvature effects; the
results are shown in Fig. 9 for a typical angle of attack sit-
uation. Also shown for comparison is an exact numerical
solution of the boundary-layer equations neglecting curva-
ture obtained by Werle and Davis,8 in order to once again
illustrate the excellent engineering accuracy of the present
approximate theory. It is seen from Fig. 9, that the sepa-
ration-hastening surface curvature effects in this flow
problem can be very significant indeed; their neglect cai>
cause a substantial overestimate of the skin-friction level
and separation distance (and hence an underestimate of
the form drag contribution to total drag). Clearly, numer-
ical boundary-layer computer programs used for air-foil
design optimization studies should include an account of
these curvature effects.

Flow around a Compressor Blade Section

Another important application of the present theory is
to the prediction of boundary-layer separation on small
highly curved blades found in turbomachinery. As an il-
lustrative example, we consider a compressor blade air-foil
section in the NACA 65-series under a typical design
operating condition of 12.4° angle of attack at a chord
Reynolds number of 0.25 X 106. A sketch of this section
and the experimental pressure distribution along the suc-
tion side obtained by Westphal and Godwin10 are given in
Fig. 10. Inspection of all the pressure distribution data in
Ref. 10 reveals that a small region of zero pressure gradi-
ent occurs at approximately 20% chord over a wide range
of angles of attack. Thus, as a first approximation in
applying our theory, this location is taken to be the effec-
tive flat plate leading edge XL. Downstream, the pressure
distribution may be conveniently approximated reason-
ably well by a linear increase; in the example of Fig. 10,
we used Cp°°: ̂  1.9 — 1.4 (x/C) along the upper surface,
where in this adverse pressure gradient region, the convex
surface curvature is approximately constant with the
value R^ 3.5 C.

The predicted skin-friction distributions along the
upper blade surface with and without the surface curva-
ture effects are shown in Fig. 11. To be sure, the actual

.025 -

.020 -

y/L
.OI5 -

.010 -

.005 -

Fig. 7 Boundary-layer and sublayer growth for the linear-
retarded flow.
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Fig. 8 The effects of suction and curvature on the separation
point in linearly-retarded flow.

boundary-layer flow in this particular example (as is often
the case in turbomachinery blade problems) is likely tur-
bulent rather than laminar, so that the present theory is
not really applicable quantitatively; nevertheless, this ex-
ample does illustrate the general magnitude and character
of the new longitudinal surface curvature and lateral pres-
sure gradient effects (Fig. 11 clearly indicates the impor-
tance of taking these effects into account to obtain conser-
vative aerodynamic design estimates regarding the influ-
ence of boundary-layer separation). Moreover, there are
some lower Reynolds number conditions arising in turbo-
machinery applications (as well as in optimum air-foil
shape studies9) where laminar flow does in fact prevail
and the present theory is directly applicable.

Conclusions

Although approximate, the present theory has the
virtues of a) sound physical modelling of the essential flow
features, b) yielding results in relatively easy-to-use ana-
lytical form, and c) good engineering accuracy. As such, it
may be employed in either of two ways. First, it can be
used to estimate the boundary-layer characteristics and
separation point on bodies with given pressure and curva-
ture distributions. Secondly, the present theory can be
used with particular convenience (because of its analytic
form) in so-called "design problem" studies where one
varies the shape and pressure distributions so as to optim-
ize some gross property (e.g., maximize xs).

Another merit of the present two-layered analysis is
that it may be generalized to include compressibility ef-
fects, heat transfer, and the presence of a turbulent

1.0

0.8

ej
r^ 0.6
CM

JX

+
^

0.2

K=l.40

^00=I04

(R/L)AV=* 2.5

——— PRESENT ANALYTICAL SOLUTION

——— EXACT NUMERICAL SOLUTION
NEGLECTING CURVATURE EFFECT.
(WERLE a DAVIS)

4
X=X/L

0 20 40 60 80 100

Fig. 10 Compressor blade section and lee side pressure distri-
bution (NACA 65-series).

boundary layer. This is important, for example, in view of
Thomann's11 results that surface curvature can have a
very significant influence on heat-transfer characteristics,
especially when the boundary layer is turbulent. Although
such a generalization is beyond the scope of the present
paper, we may briefly outline the approach involved. The
outer quasi-inviscid flow layer can be treated similarly to
the incompressible case, now however using the compress-
ible form of the Bernouli equation plus the "compressible
form" of a suitable flat plate turbulent boundary-layer
profile (say a "Law of the Wake" profile) with which to
estimate the total head loss along streamlines. The corre-
sponding total enthalpy loss in the nonadiabatic case can
be determined from Crocco's energy equation integral. Re-
garding the inner layer, the analysis proceeds in a manner
similar to Stratfords original work12 with a better viscosi-
ty model and with allowance for compressibility and heat
transfer being made following Van Driest's pioneering
treatment of the compressible "Law of the Wall" region13

(within which we assume the inner layer resides). The
major difficulty encountered here is the current lack of a
suitable turbulent eddy viscosity model in strong adverse
pressure gradients with small wall shear14; otherwise, a
generalized mixing length model following the line sug-
gested by Cebeci15 should probably suffice for most engi-
neering purposes.

.6

.2

SURFACE CURVATURE
NEGLECTED

.4

x/c
.5

Fig. 9 Shear stress distribution around a parabolic leading
edge at angle of attack.

Fig. 11 Predicted shear stress distribution and separation
location on the compressor blade.
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Appendix A

For the purpose of illustrating the essential steps in der-
iving the desired relationships, we will neglect here the
effect of suction. Then letting A = ayjN~2, the inner-
outer matching of du/dy and 32u/dy2 at y = y7 yields the
pair of equations

1 r

-ax N(N - DA

,'] = o (A2)

after considerable algebraic rearrangement:
, 2 n- 3

= 0.0104(1 -

Q.Q484

2.02-^-)
TBW

(0.5105)2

dx

(0.5105) C} (A6)

w w

Dividing Eq. (Al) by R, adding to Eq. (A2) and solving
for A gives

7 _ {[1 + (yi/R)}(dp/dx)i+ rjR}
~ —— —————

which upon substituting back into Eq. (Al), neglecting
terms of order (yj/R)2 compared to unity and approximat-
ing the coefficients of terms involving R-1 by their flat
surface (# = 00) values yields for N = 3.043 the Eqs. (6a)
and (6b) cited in the text.

The corresponding skin-friction pressure-distribution re-
lationship is derived as follows. Substituting Eq. (4) and
the value of \[/j given by the y -integral of Eq. (4) plus Eq.
(A3) into Eq. (1) yields

/xr(N 1.5

TB N-2N(N2-1)

V2 = 2rB —A / < _ ______
j (N-l)R N

N-2,
N-V

i fN(N2-l) -6 dp
^^^^2 - l) ^

^T>

T T 2 AT —1 2 Pc = (-2-xi -I-) (^-i) _L- +
B B

w w
Tp " TB ' ^-2; (AT-2)

(I r A/^-lA^(y2-l)HS T
V TB

 ; 1V^-2; LAT(^-2)(JV2-1)J

R

-Vdj (N-l)R

_ ___
12N(N-1) ^dtfj N(N-1)R

(A4)

Furthermore Eq. (4) at y3 can also be written with help of
Eq. (A3) as

I)2

JV2(JV - 1)

^1N
3 2(JV + 1) _

(JV-1)3 3
(N-2)3 N(N-l)

Then combining Eqs. (A4) and (A5) and simplifying along
the lines discussed in the foregoing paragraph, we obtain w w
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in which the R = °° values of r are to be used. At separa-
tion TW — 0, these parameters take on the following values
forN = 3.043: A = -3.566, B = 0, C = -0.00000437 « 0.

Appendix B
To circumvent the use of an integral method solution

for d(x) using the present composite inner-outer velocity
profile, an alternative analytical rough estimate can be
derived as follows. To the order of accuracy of our outer
region solution, the velocity fields with and without curva-
ture have the same streamline \l/; since this must include
the edge of the boundary layer, we have \l/(d,x) ~ $B(?>B,X) or

For the sole purpose of evaluating its ratio to

/

we can approximate 1*5(17) by the linear function UB =
0 < TJB < (fBw')~ = Ueo for TlE >

(/BW")~'L where fsw' = 0.47. In this way, we get upon ne-
glecting terms in 775/5 «/ as small that the aforementioned
ratio of integrals is approximately equal to [1 - Cp(x)]1/2.
Introducing all these approximations into Eq. (B2), we fi-
nally obtain the following engineering estimate of the
boundary-layer thickness compared to the local flat plate
value BB'-

(Bl) 1_: 1-1/2

thereby providing a means of relating 5 with pressure gra-
dient to the Blasius value 65(3;). Now taking the edge of
the boundary layer to be at yB — 5.00 in the Blasius simi-
larity variable 775, the right side of (Bl) can be written as
0.20 dB So (uB/UeQ)dr)B' On the other hand, breaking up
the left side integral into contributions from the inner and
outer layers, respectively, using Eq. (4) in the outer con-
tribution and converting the integration variable to 775, we
obtain from Eq. (Bl) the following approximate expres-
sion for 5/8B'-

Jt%-*''-T-[f!u-dx + y>n Vt>~ y R v £/£>«

,1 U inner
B x 6

/ [(u

(B2)

Now the first integral in the numerator can be rewritten
as the sum

(UB/U

Both the last term of this sum and the last integral in the
numerator of Eq. (B2) can the,n be represented for pur-
poses of a first approximation by a linear velocity varia-
tion, giving

(B3)

On the other hand, the denominator of Eq. (B2) can be
treated in an approximate closed form manner as follows.
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